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Relationship between Fields and Sources
Liu Changli(刘长礼)∗
Institute of Applied Physics and Computational Mathematics, Beijing China, 100094
There are two viewpoints about relation between (elec-
tromagnetic, gravitational and Yang-Mills’s) fields and
corresponding sources with sources’ conservation laws.
The paper’s main purpose is to illuminate that there is
a circular logic fallacy in the following view b .
The relationship between fields and sources is stated
as following in Ref.[1]:
View a : Sources are primary. Conservations of
sources come first; fields have to adjust themselves ac-
cordingly. Fields affect sources by dynamical laws.
View b : Fields are primary. Fields take the respon-
sibility of seeing to it that sources obey the conservation
laws. Sources can be built from fields. Conservation laws
can be derived from fields’ equation.
For electromagnetic fields, Maxwell’s equations are
∂αFαβ = µ0Jβ (1)
∂αFβγ + ∂βFγα + ∂γFαβ = 0 (2)
As we all know, Faraday tensor Fαβ is antisymmetric.
Therefore, from Eq.(1), we can get 0 ≡ ∂α∂βFαβ =
µ0∂
βJβ ⇒ ∂
βJβ = 0. The charge conservation law
(∂βJβ = 0) is derived from Maxwell’s equations.
For gravitational fields, the same process is repeated.
Einstein’s equation is
Gµν = 8piTµν (3)
Because of Bianchi identities, ∇µGµν ≡ 0 are identities.
From Eq.(3), 0 ≡ ∇µGµν = 8pi∇
µTµν ⇒ ∇
µTµν = 0 can
be obtained. Sources’ conservation laws (∇µTµν = 0) are
derived from Eq.(3).
The same thing also happens in Yang-Mills fields and
corresponding sources.
That is the whole contents of view b .
However, a circular reasoning exists in view b .
In the following, we first talk the single div-curl equa-
tions. The conclusion can directly be transferred to
view b .
∇× u = S (4)
∇ · u = ρ (5)
where, u is the unknown; ρ,S are known sources. If
∇·S 6= 0, solutions of Eq.(4) do not exist. Therefore, the
equation (∇ · S = 0) is one of preconditions about the
existence of solutions for div-curl equations, while not the
corollary of Eq.(4). If ∇ · S = 0 is thought as a corollary
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of Eq.(4) (0 ≡ ∇ ·∇× u = ∇ · S⇒ ∇ · S = 0), a circular
logical fallacy must be involved in it, because it is also
one of preconditions about the existence of solutions
for Eq.(4).
That existing differential identities are the same
thing between the single div-curl system and Maxwell’s,
Einstein’s and Yang-Mills’s equations.
Let us analyze what conditions are needed to ensure
Maxwell’s and Einstein’s equations’ solutions do exist
from pure mathematical viewpoint.
Similarly, if ∂βJβ 6= 0, Eq.(1) has no solutions. Hence,
∂βJβ = 0 is one of preconditions of existence about
solutions of Maxwell’s equations. If charge conservation
law (∂βJβ = 0) is thought as a corollary of Maxwell’s
equations, and at the same time it is one of precondi-
tions of existence about Maxwell’s equations’ solutions.
It must involve circular reasoning.
For Eq.(3), if ∇µTµν 6= 0, solutions of Einstein equa-
tions do not exist. Therefore, ∇µTµν = 0 is one of pre-
conditions of existence about Einstein equations’ solu-
tions. If we think that ∇µTµν = 0 can be derived from
Eq.(3), circular reasoning must be involved.
The same analysis can be made in Yang-Mills’s fields
and sources.
Obviously, a circular reasoning exists in view b . Con-
servation laws of sources are not corollary of fields’ equa-
tions.
Now, we talk the relation between Maxwell’s curl equa-
tions and divergence ones. Maxwell’s equations without
sources are:
∇ ·B = 0, ∇ ·E = 0 (6)
∇×B = µ0ε0
∂E
∂t
, ∇×E = −∂B
∂t
(7)
Taking the divergence of Eqs.(7) gives
∂
∂t
(∇ ·E) = 0,
∂
∂t
(∇ ·B) = 0 (8)
Following the above analysis, that compatibility condi-
tions Eqs.(8) hold is one of preconditions of existence
about solutions of Eqs.(7). And that Eqs.(6) hold can
ensure Eqs.(8) hold. Therefore, the viewpoint in Ref.[2]
that Eqs.(6) are thought as initial conditions of Eqs.(7)
is not correct. If the view of Stratton[2] is right, a similar
circular reasoning exists in the derivation.
Now, we talk the last thing. Maxwell’s equations
(Eqs.{1,2}/{6,7}), Einstein’s equations (with four har-
monic coordinates) and Yang-Mills’s equations (with
gauge conditions) are overdetermined systems. A gener-
alized definition can be employed to describe the overde-
2termination. There are first-order linear partial differen-
tial equations as following


∑
ij
a
(1)
ij
∂yj
∂xi
+ f1 = 0
...∑
ij
a
(n)
ij
∂yj
∂xi
+ fn = 0
(9)
where xi are independent variables; yj are dependent
unknowns; a
(k)
ij are linear coefficients; and fk are non-
homogeneous items. Let us assign Zk =
∑
ij
a
(k)
ij
∂
∂xi
yj+fk.
Two linear dependence definitions are as following.
Definition I: In algebra, when there are coefficients
(ck), not all zero, such that
∑
k
ckZk = 0; the Eqs.(9) are
linear dependent.
This definition can be referred in any algebraic text-
book. Maxwell’s equations are over-determined in the
definition I.
Definition II (differential linear dependence):
When there are coefficients (ck, dkl), not all zero, such
that
∑
k
ckZk +
∑
kl
dkl
∂
∂xl
Zk = 0, the Eqs.(9) are thought
as linear dependent. If dkl ≡ 0, this definition degener-
ates into the definition I.
Maxwell’s equations (Eqs.{1,2}/{6,7}), Einstein’s
equations (with four harmonic coordinates) and Yang-
Mills’s equations (with gauge conditions) are well-
determined in definition II.
There are some unproved propositions about the defi-
nition II.
1© If Eqs.(9), whose solutions exist and are unique, are
over-determined in the definition I, then they must be
well-determined in the definition II.
2© If Eqs.(9), whose solutions exist, are under-
determined in the definition II and are well-determined in
the definition I, then the solutions must be non-unique.
3© If Eqs.(9) are over-determined in the definition II,
then the solutions do not exist.
The unproved propositions seem obvious, but the proof
is not easy. If all the conjectures are correct, the defini-
tion I should be changed to the definition II.
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